We study the feedback group action on single-input nonlinear control systems. We follow an approach of Kang and Krener based on analysing, step by step, the action of homogeneous transformations on the homogeneous part of the system. We construct a dual normal form and dual invariants with respect to those obtained by Kang. We also propose a canonical form and show that two systems are equivalent via a formal feedback if and only if their canonical forms coincide. We give an explicit construction of transformations bringing the system to its normal, dual normal, and canonical form.
A natural question to ask is whether we can take the system f: to be linear, i.e., whether we can linearize the system C via feedback. Necessary and sufficient geometric conditions for this to be the case have been given in [5] and [6] . Those conditions turn out to be, except for the planar case, restrictive and a natural problem which arises is to find normal forms for nonlinearizable systems. Although being natural, this problem is very involved and has been extensively studied during the last twenty years (see [2] , [3] , [7] , [9] ,[ 101 , [ 111 , [ 121 , [ 131 among others). In our paper we will follow a very fruitful approach proposed by Kang and Krener [ll] and then followed by Kang [9] , [10] . Their idea, which is closely related with classical PoincarC's technique for linearization of dynamical systems (see e.g. [l] ), is to analyse the system C and the feedback transformation step by step and, as a_consequence, to produce a simpler equivalent system C also step by step.
This method allowed Kang to produce a normal form for any single-input system with controllable linearization. The first goal of our paper is to propose a dual normal form. The second goal is t o provide explicit transformations bringing the system to Kang normal form and to dual normal form. Neither Kang normal form nor dual normal form is unique: a given control can admit different Kang normal forms and different dual normal forms and therefore the third goal of the p,c~pci is to propose a canonical form.
The paper is organized as follows. In Section 2 we will introduce, following [ 111 , homogeneous feedback transformations. We recall a normal form, obtained by Kang, and discuss invariants of homogeneous transformations, also obtained by him. We provide an explicit construction of transformations bringing the system to Kang normal form. In Section 3 we dualize the main results of Section 2: we give a dual normal form, explicitely construct transformations bringing the system to that form, and define dual invariants of homogeneous transformations. In Section 4 we construct our canonical form and prove that two control systems are fedback equivalent if and only if their canonical forms coincide. We illustrate our canonical form by analyzing different Consider the Taylor. series expansion of the system C given by
where F = g(0) and G = g(0). We will assume throughout the paper that f (0) = 0 and g(0) # 0.
Consider also the Taylor series expansion roo of the feedback transformation r given by
where T is an invertible matrix and L # 0. Let us analyse the action of on the system Coo step by step.
To start with, consider the linear system = F < + G~.
Throughout the paper we will assume that it is controllable. It can thus be transformed (see e.g. [SI) by a linear feedback transformation of the form
to the Brunovskf canonical form ( A , B ) . Assuming . ., will also be denoted by roo because, as a formal power series, it is of the form (2.2). We will not address the problem of convergence and we will call such a series of successive compositions a formal feedback transformation.
Observe that each transformation P, for m 2 2, leaves invariant all homogeneous terms of degree smaller than m and we will call rm a homogeneous feedback transformation of order m. We will study the action of rm on the following system E["]
(2.4)
The starting point is the following result, proved in [9] . Consider another system given by In order to construct invariants of homogeneous feedback transformations let us define
and let be its homogeneous part of degree m -1.
where C = ( l l 0 ; . . , O ) and the submanifolds Wi are defined as follows: (2.8) We have the following result. 
Theorem 3 The feedback transformation
IC = 5 + 4["1(5) U = 2r + a["l(,c) + ,LI["-ll(E)v,
Dual normal form and dual m-invariants
In the normal form EFL given by (2.7), all the components of the control vector field gfm-l] are annihilated and all non removable nonlinearities are grouped in f["]. Kang and Krener in their pioneering paper [ll] have shown that it is possible to transform, via a transformation r2 of order 2, the second order system
to a dual normal form. In that form the components of the drift f [ ' ] are annihilated while all non removable nonlinearities are, this time, present in g ['] . The aim of this Section is to propose, for an arbitrary m, a dual normal form for the system E["]. Our dual normal form, on the one hand, generalizes that given in [ll] for second order terms and, on the other hand, dualizes, the normal form CPL. The structure of this Section will follow that of Section 2: we will give the dual normal form, then we define and study dual m-invariants, and, finally, we give an explicit construction of transformations bringing the system to its dual normal form.
Our first result asserts that we can always bring E["] to a dual normal form.
Theorem 4 The system E["] can be transformed via a homogeneous feedback transformations I ? " , into the dual normal f o r m $L given by:
X I = 2 2 X 2
= 2 3 + Z~QL;-~](Z,)X, + O ( X , U)"+]
Xn-' 
Consider the system.C["l and for any j, such that 2 5 j 5 n -1, define the functions him-'] by setting 
i=n-j+2
This result asserts therefore that the dual m-invariants, similarly like m-invariants, form a set of complete invariants of the homogeneous feedback transformation. Notice however that the same information is encoded in both sets of invariants in different ways. 
Theorem 6 The feedback transformation
2 = [ + $J["'([) U = v + a["](<) + p["-'l(<)v,
Canonical form
Consider the system C of the form (2.1). Apply successively to it a series of transformations rm, m = 1,2, . . . , such that each rm brings to its normal form C k i ; for instance we can take a series of transformations defined by (2.8). In a dual way, apply successively to C a series of transformations rm, m = 1 , 2 , . . . , such that each rm brings E["] to its dual normal form @A; for instance we can take a series of transformations defined by (3.2). Successive repeating of, respectively, Theorem 1 and Theorem 4 gives the following normal forms. C given by (2.1) . (ii) There exists a formal feedback transformation rM bringing the system C to a normal f o r m Z F F given by A natural and fundamental question which arises is whether the system Coo can admit two different normal forms, that is, whether the normal forms given by Theorem 7 are in fact canonical forms. It turns out that a given system can admit different normal forms, see [9] , and the aim of this Section is to construct a canonical form for Em.
Theorem 7 Consider the system
Consider the system Coo of the form (2.1). Let the first homogeneous term of CO", which cannot be annihilated by a feedback transformation, be of order mo. As proved by Krener [12] , the order mo is given by the largest integer j + 1 such that all distributions D k = span ( 9 , . . . , adF-lg}, for 1 5 k 5 n -1, are involutive modulo terms of order j -1. We can thus, due to Theorems 1 and 2, assume that, after applying a suitable feedback, CO" takes the form , proved that any system C"O can be brought by a formal feedback to the normal form (4.1), for which (4.2) is satisfied. He also observed that his normal forms are not unique. Our results, T h e e rems 8 and 9, complete his study. We show that for each degree m of homogenity we can use a l-dimensional subgroup of feedback transformations which preserves the "triangular" structure of (4.2) and at the same time allows us to normalize one term. The form of (4.3) and Applying a suitable feedback transformation (see [14] and [15] for details); we show that the ball-and-beam system is feedback equivalent to the following canonical form 
